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In an effort to better understand the behavior of graphene, we developed an ab initio parametrized fit of
hydrocarbon interactions, out to arbitrary neighbors, including forces. Our computed bands show that ribbons
of graphene have increased numbers of zigzag edge states, and decreased armchair band gaps, when multilay-
ered. Armchair ribbons are known to obey three families of gap-to-width relationships; we further find that
carrier group velocity vF varies by family: small gaps have ideal vF, and large gaps have ±20% deviations from
ideal vF. Boltzmann carrier transport simulations from calculated phonon scattering show a similar, familial
conductance behavior, with peak field-effect mobility and saturated, small-field conductance increasing linearly
with ribbon width.
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Recent interest in graphene has stemmed primarily from
the linear band dispersion1 near the high-symmetry vertices
of its Brillouin zone, which is similar to a light Dirac fer-
mion �DF�. This analogy from relativistic quantum mechan-
ics implies unusual properties for charge carriers in
graphene, e.g., a constant carrier speed �106 m/s, indepen-
dent of energy,2 a minimal conductivity, even as the number
of charge carriers falls to zero,3–5 and very low resistive
losses due to scattering. This last property make graphene a
useful semiconductor for device applications.6 However,
many of graphene’s properties may be affected by nanoscale
patterning and design. Thus, as a step toward engineering
graphene devices, we study the behavior of nanographene
ribbons versus edge type, width and multilayering.

For zigzag-edge nanoribbons �see Fig. 1�, a metallic edge
state is known to prevent a band gap from opening,7,8 unless,
as shown by recent density functional theory �DFT� results, a
magnetic ordering is allowed to split edge states.9,10 Mean-
while, armchair nanoribbons �ANRs�, which orient perpen-
dicular to the zigzag, exhibit an oscillatory gap dependence
on ribbon width,10–13 wherein every third increment of
atomic row width has a different “family” of band gap, as in
Fig. 2. For monolayers, tight binding does a good job of
describing bands compared to DFT,14 but since many studies
treat unrelaxed, single layers with truncated neighbor inter-
actions, they give inaccurate descriptions of edges. Also,
graphene bilayers and trilayers have been studied,15–18 but
rarer are studies with more layers,19,20 where graphene be-
gins to approach graphite. This limit of multilayering is most
interesting because massless DFs have now been observed in
graphite,21 and so it is important to characterize this transi-
tion from one layer to many.

In this paper, we study mono- and multilayer ribbons us-
ing forces, relaxations, and phonons calculated by a tight-
binding Hamiltonian. To do this, we parametrized C-H inter-
actions, out to arbitrary neighbors, via the NRL tight-binding
�TB� method,22,23 an efficient electronic-structure method us-
ing parameters fitted to DFT data. The NRL TB method gives
accurate electronic structure and total energies24 for transi-
tion metals,25 semiconductors, and bulk graphite,26 C60, and
nanotubes. Our Hamiltonian reproduced the edge states and
familial band gaps, validated by DFT,10 and we reproduced

the recent, experimentally determined band structure of
graphene,20 as shown in Fig. 3�a�. We find a broad class of
familial dependencies that go beyond band gaps, namely, for
carrier group velocity vF, conductance G, and switching.

The Hamiltonian. To reproduce DFT accuracy, we previ-
ously fitted27 C-C tight-binding parameters to linearized aug-
mented plane-wave results28,29 for diamond, graphite, and
simple cubic structures and to the C2 dimer computed with
NRLMOL,30,31 a Gaussian-based, all-electron DFT. Our pa-
rameters were fitted for a range of volumes, giving an equi-
librium interatomic spacing of 1.425 Å for graphene. Within
the NRL TB method, we modeled the carbon atoms using one

FIG. 1. �Color online� The calculated bands of 37-dimer-wide
zigzag nanoribbons �black lines� and infinite sheets, shown by pink
�light gray� lines. Blue �gray� double dashes are edge states with t
=0.25 eV in Eq. �1�.
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s and three p orbitals, and hydrogen with one s orbital. H-H
interactions were fitted to molecular levels for H2 and a H6
ring. The NRL TB method allows some latitude in the choice
of the zeros of the total energy for individual atomic
species.22 We adjusted the energy of H2 so that the energy
difference between the bonding orbital of the H2 molecule
and the lowest 2s orbital of C2 was the same as in NRLMOL.
This assured no artificial charge transfer from C to H2 at
large separations. We determined the C-H interactions by
freezing C-C and H-H parameters and fitted the remainder to
NRLMOL data for methane, ethane, and benzene.

We tested the stability of our parameters, using molecular
dynamics at 300 K, for several structures: graphene, nano-
tubes, nanoribbons, closed ribbons �hoops�, and twisted rib-
bon Möbius strips. These structures were stable for times
greater than 10 ps, with high-frequency vibrations, as in
ideal graphene. We used a frozen-phonon approximation to
study these vibrations,22 with structures from the FROZSL

symmetry code,32 and we obtained the dispersions in Fig.
3�b�, which are used in our transport simulations. For peri-
odic ribbons, we used a linear k-point sampling along the
reciprocal ribbon axis, including 128 points in the full Bril-
louin zone. For multilayers, our Hamiltonian gave a weak
repulsion between layers ��150 meV/Å or 9 GPa pressure�
at experimental spacings of 3.35 Å. The actual coupling of
graphene is suggested to be of a van der Waals form, which
is not included in our fit. We ignored this and relaxed the
ionic coordinates of single graphene layers, then fixed the
interlayer spacing to 3.35 Å. We also chose to focus on the
Bernal AB stacking that shifts subsequent ribbon layers by an
interatomic spacing �see Fig. 1 �inset��.

Zigzag nanoribbons. For zigzag edges, the ideal band
structure of graphene is augmented by metallic edge states,
shown in Fig. 1. These states are numerous in multilayers but
may be fitted to a molecular-chain spectrum,

�n = 2t cos�m�/�N + 1�� , �1�

with hopping energy t=0.25 eV, layers N, and m=1, . . . ,N.
There is a spin degeneracy for these levels, for which DFT
gives a 0.3 eV splitting, for narrow ribbons.10 Odd multilay-

ers are special with regard to this splitting, exhibiting mass-
less DFs in sheets �X bands in Fig. 1; N=1,3� and an
�F-centered edge state in ribbons. While the odd-N edge state
is split by magnetic ordering, opening a gap, the even-N edge
states in Eq. �1� lie above and below �F, so splitting would
close a gap. In the graphtitic N→� limit, these bands col-
lapse into mostly parabolic bundles, but, for N odd, graphite
still allows coexisting massless and massive DFs.21

Notably, it has been shown that even a partial component
of zigzag edge will introduce states at �F.8 This is crucial for
comparison to experiment,33 as most random edge shapes
will have metallic states.34,35 For most ribbons more than
5 nm wide, we thus expect very small gaps.

Armchair nanoribbons. The armchair nanoribbon exhibits
hyperbolic bands that approach the ideal form

�k = ± ���gap/2�2 + ��vFk�2, �2�

which is the energy dispersion of a relativistic particle with
momentum �k, effective “mass” �gap /2vF

2 , and “speed of
light” vF. In Fig. 2, we plot the parameters for a relaxed
monolayer �filled symbols�. The plots are separated by fam-
ily, as in Ref. 10, one width increment per panel. The 3j−1
family is metallic in first-nearest-neighbor tight binding, but
a gap opens when edge atoms vary in coupling strength or by
including third neighbors.14,36 These corrections to simple
tight-binding theory explain why a gap opens; in this case we
include all neighbors, with forces, to relax structures.

For multilayers that approach graphite, we found that �gap
was reduced from the monolayer case. The largest reduction
in �gap is a decrease of 0.2–0.5 eV going from monolayers
to bilayers, while the change in going to trilayers is less than
0.2 eV. The 8–16 layers are converged with differences of
below 10 meV. We thus expect that a 2–8 layered ANR will
have a nearly graphitic band gap of less than 80 meV for
widths greater than 5 nm, and for transistor applications, this
favors narrow monolayer ribbons. As transistors based on
graphene may require an �gap of �0.25 eV,6 the monolayer
is still the best candidate for a transistor device.

Armchair nanoribbon transport. Understanding and pre-

FIG. 2. Calculated band gaps of multilayer armchair nanorib-
bons for �a� 3j+1, �b� 3j, and �c� 3j−1 increments of ribbon width
�here 40 dimers=5 nm�. The corresponding Fermi velocities, fitted
to Eq. �2�, approach c=0.867�106 m/s.
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FIG. 3. Calculated graphene �a� electronic and �b� phononic
band structures, with Brillouin zone labeled in Fig. 1.
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dicting carrier transport and scattering in graphite nanoscale
ribbons �GNRs� is important for potential nanoscale device
applications, including use as ultrasmall transistors and as
�bio�/chemical sensors. Semiconducting GNRs, including
ANRs, are best suited for such applications since a gate po-
tential may effectively turn the device current on and off by
moving the Fermi level into and out of the carrier bands.

Previous transport studies have focused mainly on the bal-
listic transport regime.37 Here we focus on phonon-limited
semiclassical transport, a regime that has been shown to de-
scribe many transport features in carbon nanotubes,38 but has
received only limited attention in nanoribbons.6 Semiclassi-
cal transport is applicable when the carrier mean free path
between scattering events is much larger than the ribbon
length L. This transport regime is of interest since �1� it
allows for the incorporation of a relatively simple and highly
predictive scattering theory,39 �2� many of the bulk transport
features obtained are also found in other regimes, and �3� it
gives the limits of the ballistic and phase-coherent transport
regimes. Phonon scattering will be considered since this
mechanism is found to be significant in similar materials
such as graphite40 and carbon nanotubes.38 As both transport
and associated scattering mechanisms depend strongly on the
low-energy electronic structure of carriers, we find that im-
portant semiclassical transport properties also vary with the
three ANR families.

Semiclassical carrier transport is studied by solving a one-
dimensional, steady-state, Boltzmann transport equation,

eF

�

� fk

�k
= �

q

�fk+q�1 − fk�Sk+q,k − fk�1 − fk+q�Sk,k+q� ,

for the nonequilibrium carrier distribution function fk, in a
small externally applied axial field F ��kBT /L�, and using
the carrier-phonon scattering rate Sk,k+q for axial momentum
transfer k→k+q �wave vectors take on ± values�. Only the
first electron subband is considered. Along with the scatter-
ing rate, fk will be determined by the density of occupied
carriers n. If the band structure is known, n can be found
from the Fermi level, which is set by the application of the
transistor gate voltage. Using first-order perturbation theory,
the scattering rate is

Sk,k+q =
�D2�q�D�k + q�

��Ephw
�Nph�Eph� +

1

2
±

1

2
	 ,

with D=16 eV�q the in-plane acoustic deformation
potential of graphite,40 �=7.6�10−7 kg/m2 for graphene,
ribbon width w, and Bose-Einstein phonon occupation
Nph �at 300 K�. The ± is for emission and absorption.
The carrier density of states �D� is given by
2�1+ ��gap /2�vFk�2�1/2 /�vF, where vF and �gap vary by fam-
ily. The phonon energy Eph is taken from the frozen phonon
results along 	-M in Fig. 3�b�. The graphene phonon spec-
trum is used here since only one subband is considered. In
this case, the relevant phonons that mediate intrasubband
scattering are insensitive to ribbon edge effects. Lastly, since
we focus on long, thin ribbons, we consider only longitudi-
nally polarized phonons.

Once fk is found, the conductance is given by38

G = 2
envF

FL
�

k

sgn�k�fk�1 +
�gap

2

4�2vF
2k2	
�

k

fk,

with the slope of G giving the field-effect mobility 
ef f as
�L /e��G /�n. Transport simulations of an ANR transistor de-
vice are shown in Fig. 4, where G is found to exhibit well-
defined “on” and “off” states as n is varied. The on-state
conductance Gon is reached as n��F� approaches the mini-
mum value of 2 /�vF, and Gon increases with vF as a result of
fast moving carriers and a smaller D for backscattering. The
turn-on characteristics of the ANRs are represented by the
peak field-effect mobility 
ef f which occurs when n is small.
Larger peak values occur as �gap decreases and as vF in-
creases. The on-state conductance and the peak mobility are
both found to increase roughly linearly as a function of rib-
bon width �dimer rows�. The former result agrees with recent
experimental measurements of Gon.33 Expected trends are
found when the transport properties of the ANR are com-
pared; the 3j−1 and 3j families have the largest 
ef f; the 3j
family has larger Gon since vF is larger. Multilayer ANRs
will turn on at lower applied gate voltages due to decreased
band gaps, and G will be lowered for two reasons: �1� lay-
ering increases D to scatter into, and �2� lower vF increases
the D in valence and conduction bands. Transport in the edge
states of zigzag ribbons would require a distinct theoretical
treatment as these states are expected to interact relatively
strongly with the ribbon edge. Transport in such states would
likely depend on the nature of edge phonons and the rough-
ness of the ribbon edge. The conducting states of ANRs do
not overlap as significantly with the ribbon edge and there-
fore would experience a reduction in edge scattering when
compared to the zigzag edge states. Our results also show
that characteristic band structure variations among the ANR

FIG. 4. �Color online� Small-field approximated conductance of
an armchair nanoribbon transistor �inset� showing variations among
the three families: �, �, �. Colors and lines guide the eye. Panels
�left to right� show conductance versus carrier density, maximum
�on� �i.e., saturated� conductance versus dimer row number, and
peak field-effect mobility.
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families should lead to variations in carrier transport, e.g., in
transistors or in sensor applications that exploit the sensitive
edge-bonding characteristics.

Conclusions. By developing a fully general tight-binding
Hamiltonian from first principles, we were able to study
graphene with arbitrary neighbor interactions, hydrogen ter-
mination, and layering. We found that layered ribbons of
graphene approach the familiar band structure of graphite
with increasing ribbon width, except for zigzag edge states
near the Fermi level. These states do not occur for armchair
edges, which instead have a finite energy gap over a range of
layer and width families. Only for monolayers less than
5 nm wide do we find an appreciable band gap for engineer-
ing devices as proposed by Obradovic et al.6 Accordingly,
we simulated nanoribbon transistors, in a phonon-scattering-

limited regime. Extensions of the three-family band-gap
behavior10 were found for carrier group velocity, conduc-
tance, and field-effect mobility. Interestingly, two families of
ribbons had large gaps but opposite deviations in ideal car-
rier group velocity with respect to the strip width. These
deviations gave slow and fast switching characteristics, since
a gate voltage can turn the nanoribbon transistor on �satu-
rated� or off. Such devices could be exploited for nanoscale
electronics and also for chemical sensing based on the sen-
sitivity of nanoribbons to edge states.
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search, DOD HPCMPO CHSSI, and the National Research
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